Abstract-In this paper, a hybrid network combining light fidelity (Li-Fi) with a radio frequency (RF) wireless fidelity (Wi-Fi) network is considered. An additional tier of very small Li-Fi attocells which utilize the visible light spectrum, offers a significant increase in the wireless data throughput in an indoor environment, while at the same time providing room illumination. Importantly, there is no interference between Li-Fi and Wi-Fi. A Li-Fi attocell covers a significantly smaller area than a Wi-Fi access point (AP). This means that even with a moderate user movement a large number of handover between Li-Fi attocells can occur, and this compromises the system throughput. Dynamic load balancing (LB) can mitigate this issue so that the quasi-static users are served by Li-Fi attocells, while moving users are served by a Wi-Fi AP. However, due to the user movement, local overload situations may occur which prevent handover, leading to a lower throughput. This research studies LB in a hybrid Li-Fi/Wi-Fi network by taking into account user mobility and handover signalling overheads. Furthermore, a dynamic LB scheme is proposed, where the utility function considers system throughput and fairness. In order to better understand the handover effect on the LB, the service areas of different APs are studied, and the throughput of each AP by employing the proposed LB scheme is analyzed.
I. INTRODUCTION
T HE increasing number of multi-media mobile devices and the extensive use of data-demanding mobile applications means that current mobile networks are at their maximum capacity due to the limited availability of the radio frequency (RF) spectrum. Li-Fi technology, which uses 300 THz licence-free and unused optical spectrum for wireless communications, has recently been regarded as a solution to this problem [1] . One advantage of Li-Fi is that it does not cause interference to existing RF communication systems, because it uses an entirely different part of the electromagnetic spectrum [2] . This enables the creation of hybrid networks that combine Li-Fi with RF systems.
In an indoor situation, a hybrid integration of Wi-Fi and LiFi is expected to improve both the system throughput and the user's quality of service (QoS) [3] . Since Li-Fi does not affect Wi-Fi coverage and throughput, the total system throughput of a Li-Fi/Wi-Fi hybrid network is always greater than that of separate Wi-Fi or Li-Fi networks [2] . On the one hand, according to the IEEE 802.11ad standard, the latest Wi-Fi protocol provided by Wireless Gigabit Alliance (WiGig) enables devices to operate in three centre frequencies (2.4, 5 and 60 GHz), and WiGig can achieve a total data rate up to 7 Gb/s [4] . On the other hand, recent research shows that the achievable data rate of a single LED can be more than 3 Gb/s [5] . A large number of Li-Fi APs can be deployed in an indoor scenario and thus a high area spectral efficiency can be achieved with a Li-Fi network [6] , and the total throughput of a Li-Fi/Wi-Fi hybrid system can be considerable. Also, a hybrid network can improve the user QoS by ensuring a high throughput at all locations. In general, Wi-Fi can achieve ubiquitous coverage which provides the basic data rate requirement and Li-Fi can significantly augment the maximum capacity.
In a hybrid Li-Fi/Wi-Fi network, fair and efficient load balancing (LB) can be a challenge due to the small size of Li-Fi attocells. Most of the recent research focuses on the resource allocation (RA) problem in static systems where users are assumed to be fixed [2] , [7] . However, in practical scenarios, some users will be moving. In an indoor scenario, the coverage of a Wi-Fi AP is beyond a single room whereas each Li-Fi cell in a Li-Fi network covers only a few square meters due to the rectilinear propagation of light. However, there are many light sources in a room for illumination purposes and Li-Fi harnesses significant gains by reusing transmission resources. As a consequence, when assuming user movement, users may experience many handovers between Li-Fi attocells. The handover between Li-Fi attocells is termed as horizontal handover, and the handover between Li-Fi and Wi-Fi APs is termed as vertical handover. During a handover, the signalling information is exchanged between users and a central unit (CU). This process takes an average time varying from around 30 to 3000 ms depending on the algorithms used [8] , [9] and transmission losses occur in this period. Thus, the handover overhead must be considered in the design of LB schemes for such hybrid networks. In conventional mobile RF networks, handover occurs when users receive a lower signal-to-noise ratio (SNR) from the serving base station (BS) than that from other BSs [10] . However, in an indoor hybrid network, the stability issues have to be taken into account as a handover may prompt further handovers. For example, if a user is transferred from the Li-Fi layer to the WiFi layer, it will increase the load in the respective Wi-Fi cell. Other users served by this Wi-Fi AP may have to be transferred to neighbouring Wi-Fi APs, or have reduced data rates. Also, due to the decrease in the load of the Li-Fi attocell, resources are freed up to enhance data rates to existing users. Thus, the aim is to develop LB schemes that ensure high user throughput, reduced handover overhead, fairness and stability in a hybrid Li-Fi/Wi-Fi system.
The rest of the paper is organised as follows: The hybrid system model with mobile devices is introduced in Section II. A detailed description of the proposed dynamic LB scheme is given in Section III. The throughput analysis is carried out in Section IV. The performance evaluation is presented and discussed in Section V. Conclusions are given in Section VI.
II. SYSTEM MODEL

A. System Setup
As shown in Fig. 1 , a Li-Fi/Wi-Fi hybrid downlink system model is considered. This hybrid network covers an indoor area by N c Li-Fi APs and a single Wi-Fi AP. In the scenario, users are uniformly distributed and move randomly. All of the APs are connected to a CU through error free inter-connection links. Each Li-Fi AP is a large light emitting diode (LED) lamp which contains many low power LEDs, and each user has a photo detector (PD). It is assumed that all of the PDs are oriented perpendicular to the floor. This means that the angle of irradiation is equal to the angle of incidence. The field of view (FoV) of the LEDs and PDs can be designed so that the transmission can be contained within a certain space. Also, the walls of a room block light completely which means that there is no co-channel interference between rooms. Thus, each Li-Fi AP in this model covers a confined area, regarded as an attocell. In each attocell, the Li-Fi APs use the same modulation bandwidth. Users that reside in the overlapping area of Li-Fi attocells and are served by the Li-Fi APs would experience co-channel interference (CCI), which is treated as additional noise in this study. The Wi-Fi AP is assumed to cover the entire indoor area. Each user is either connected to a Li-Fi AP or the Wi-Fi AP for downlink wireless communications.
In this hybrid network, due to the fluctuating channel state information (CSI) of mobile users, the network LB should be undertaken in regular intervals. It is assumed that the CSI in both Li-Fi and RF systems remains constant for a short period which is defined as a state, and changes to a new value in the next state. The interval time between two neighbouring states is denoted by T p . In each state, the LB configuration is assumed to be fixed and users receive constant data rates. The natural number n denotes the sequence number of the states.
In the model, C = {c|c ∈ [0, N c ], c ∈ Z} is denoted as the set of Li-Fi APs and the Wi-Fi AP, where c = 0 represents the Wi-Fi AP and 1 ≤ c ≤ N c represents the Li-Fi APs. The set of users is denoted by U. A full buffer traffic model is considered so that the maximum achievable data rate can be evaluated for each user at all times.
B. Li-Fi Channel Model
The optical channel gain in indoor scenarios consists of the line of sight (LoS) component and the reflection component. The LoS channel gain is expressed as [11] :
where m is the Lambertian index which is a function of the half-intensity radiation angle θ 1/2 , expressed as m = −1/ log 2 (cos(θ 1/2 )); A p is the physical area of the receiver photo-diode; z μ,α is the horizontal distance between Li-Fi AP α to user μ; h is the height of the room; φ is the angle of irradiation; θ is the angle of incidence; Θ F is the half angle of the receiver's FoV; T s (θ) is the gain of the optical filter; and g(θ) is the concentrator gain, which can be written as:
where χ is the refractive index. According to [12] , the reflection component is negligible when the Li-Fi baseband modulation bandwidth B is less than 25 MHz. In this study, it is assumed that B = 20 MHz and the reflection component is not considered in the Li-Fi channel model. In Li-Fi systems, the baseband communication with intensity modulation and direct detection is used [13] . The Li-Fi signals are transmitted in the form of optical power, which should be positive and real. In this study, the direct current biased optical orthogonal frequency division multiplexing (DCO-OFDM) method is employed [13] . The DC optical power is denoted by P opt , and the DC bias added to the modulated signals ensures the output signals are positive. Moreover, in order to guarantee the real-valued signals, all of the symbols on OFDM subcarriers are designed to be Hermitian symmetric, and thus the signals transmitted in the time domain are converted to real numbers. In this case, only half of the bandwidth is used for data transmission. In addition, the LED lamps would operate in the linear region where the output optical power is proportional to the modulated input voltage. This region henceforth is termed as the linear working region of the LED. The signals outside this 
where P elec is the electric power of the signals. An increase of ι results in a decrease of the probability of the Li-Fi signals being outside the LED linear working region. In general, ι = 3 can guarantee that less than 1% of the signals are clipped. In this case, the clipping noise can be considered negligible.
The signal-to-interference-plus-noise ratio (SINR) for user μ and AP α can be written as:
where κ is the optical to electric conversion efficiency at the receivers; N 0 [A 2 /Hz] is the noise power spectral density; H μ,α is the channel gain between user μ and Li-Fi AP; and H μ,else is the channel gain between user μ and the interfering Li-Fi APs, according to (1) . Shannon capacity is used for calculating the achievable data rate between user μ and Li-Fi AP α. Since only half of the bandwidth can be used for data transmission in DCO-OFDM system, the achievable data rate is expressed as:
C. Wi-Fi Throughput
The Wi-Fi physical layer protocol has been enhanced during last ten years, including IEEE 802.11 a/g, 802.11n and 802.11ac. According to [14] , the current IEEE 802.11 protocol can guarantee a constant maximum throughput for users which are located within 12 m from the transmitter, which is shown in Table I . In general, the small scale fading in the RF wireless communication systems results in a fluctuation of the data rates. In order to simplify the analysis complexity, the small scale fading of RF channels is not considered in this study. This assumption is also used in [2] which considers the LB problem in Li-Fi/Wi-Fi network. Therefore here, the distance between users and Wi-Fi AP is set to be within 12 m, and the Wi-Fi throughput is assumed to be constant and equal to the maximum throughput shown in Table I , which is denoted by R 0 .
III. DYNAMIC LB SCHEME
In this section, a dynamic LB scheme for the hybrid Li-Fi/WiFi network is proposed. Firstly, a dynamic algorithm executed by the CU is proposed with the handover overhead taken into consideration. Following that, a LB algorithm used in each state is given, including AP assignment and time resource allocation.
A. Dynamic Algorithm Executed by the CU
Due to the small coverage area of Li-Fi attocells, the movement of users can probably prompt handover. When the serving AP of a user is switched in two neighbouring states, a handover occurs. In general, the handover overhead in an indoor scenario is in the order of milliseconds, which is assumed to be lower than the state interval T p . According to [8] , the overhead time can be modelled as a Poisson random process [15] , and the probability mass function of the overhead is given by:
where
is the mean of the handover overhead from AP i to AP j. The overhead incurs a certain decrease in the average data rate of users that experience handover. In this study, the handover efficiency between two adjacent states is defined as:
where t ij is the overhead of AP switch from AP i to AP j; and [.] + is the maximum operator, max(., 0). The link data rate between AP α and user μ in state n with handover efficiency can be expressed as:
μ,α is the Li-Fi data rate according to (5); α is the AP allocated to user μ in the state n − 1; η α α is the handover efficiency from AP α to AP α, according to (7); and R 0 is the Wi-Fi throughput.
In each state, the system LB, which consists of the AP assignment and communication resource allocation, is undertaken by the CU. Two variables, g
μ,α and k
μ,α , are used to represent the LB results in these two aspects respectively. Variable g
μ,α is a binary number which equals 1 when user μ is served by AP α, and equals 0 when α is not the serving AP of this user. Variable k
μ,α is proportion of the resource that user μ is able to use for communication. The time division multiple access method is applied in each cell, and k
μ,α is considered as the probability that each time resource block is allocated to μ. Thus, k for all each μ ∈ U do 4:
for all each α ∈ C do 6:
Calculate the handover efficiency η α α ; 7:
Calculate r (n )
μ,α between μ and α; 8: end for 9:
end for 10:
Calculate g
μ,α by using LB algorithm; 11:
n ← n + 1; 12: end while
B. Load Balancing Algorithm in Each State
In this section, the LB algorithm used in each state is shown, and the superscript (n) is omitted for simplicity. When considering LB, it is important to apply an appropriate utility function. In [7] , a generalised utility function considering both sum-rate and user fairness is proposed:
where β is a proportion coefficient. Specifically, when β = 0, a linear utility function is realised and the maximal system throughput is achieved; when β = 1, the proportional fairness is achieved; and when β → ∞, the max-min fairness is obtained. However, according to [16] , using a linear utility function for throughput maximisation results in a trivial solution, where each AP serves only its strongest link user. When the utility function for max-min fairness is used, each user achieves the same data rate, but very low sum-throughput. Thus, both are not satisfactory solutions to balance throughput and fairness. In this study, a logarithmic utility function with β = 1 is used, which achieves proportional fairness [7] . By using the logarithmic utility function, the load balancing problem can be formulated as a utility maximisation problem, which can be expressed as: (10) where r μ,α is the communication link data rate given in (8) , which is a positive number. The optimum k μ,α is shown to be greater than zero in (12) so that log(0) is avoided. This is a problem of mixed integer and non-linear programming. A decomposition-based approach can be used to solve the problem by decomposing the original problem into solvable sub-problems according to [17] . Initially, the variable k μ,α is optimised. With a given g μ,α , the objective function for AP α in (10) can be expressed as:
where U α is the set of the users allocated to the AP α; and M α represents its cardinality. According to the rule of inequality, the maximum in (11) is achieved only when:
According to (12) , all of the users allocated to a specific AP share an equal proportion of the time resource. By replacing k μ,α with M α , the problem in (10) can be re-written as:
The Lagrangian multiplier method is used to solve this problem. The two Lagrangian multipliers λ μ and ω α correspond to the constraints of (14) and (15), respectively. Therefore the Lagrangian function can be expressed as:
Due to μ∈ U g μ,α = M α , the Lagrangian function can be rewritten as:
In this case, the problem of (13) can be decomposed into two sub-problems which are to maximise L 1 and L 2 using the proper Lagrangian multipliers. Firstly, λ μ and ω α are assumed to be fixed; L 1 can be maximised when the following expression is achieved:
Based on (15) and (20), the number of users allocated to AP α can be obtained, which can be written as:
In addition, given the Lagrangian multipliers, the maximum L 2 is obtained when the following expression is achieved:
Then, a variable δ is introduced to represent the difference between M α,1 and M * α , which can be expressed as:
The optimisation problem to maximise the Lagrangian function in (16) is solved iteratively by using the gradient projection method [18] , where λ μ and ω α are updated in the opposite direction to the gradient ∇L(λ μ ) and ∇L(ω α ). The ith iteration of the gradient projection algorithm can be expressed as:
where 1 and 2 are the sufficiently small step sizes required for guaranteeing convergence. According to (20) , α ∈C g * μ,α = 1 is always satisfied in each iteration, and the expression in (24) is re-written as λ μ (i + 1) = λ μ (i). Therefore, the Lagrangian multiplier λ μ can be set to 0, and only ω α should be updated in the iteration. An appropriate threshold δ T is defined and the variables converge to the optimum when δ ≤ δ T is achieved. The threshold δ T should be small enough but it does not necessarily have to be a particular value. A smaller value of δ T will make the convergence slower. The iterative algorithm is shown in Algorithm 2.
IV. ANALYSIS OF AP SERVICE AREA AND SYSTEM THROUGHPUT In order to gain an understanding of the LB in a hybrid network, it is important to study the service area of each AP. In this section, the AP service area is identified with a given Wi-Fi throughput, and the throughput of each Li-Fi attocell is analysed. Firstly, a special case without optical CCI is considered, which is termed as the "Non-CCI" case. Following that, a generic case for all each μ ∈ U do 4:
Calculate
for all each α ∈ C do 9:
end for 12:
with CCI is considered, which is termed as the "Optical CCI" case.
A. Non-CCI Case
In the non-CCI case, users served by Li-Fi APs do not receive any optical signals from other Li-Fi APs. It is assumed that each Li-Fi AP covers the same size of attocell. In order to eliminate the optical interference, the distance between any two Li-Fi APs should be greater than the diameter of Li-Fi attocells.
According to the assumption in Section II-A that the angle of irradiation is equal to the angle of incidence for each user, the following expression can be achieved:
where z μ,α is the horizontal distance between Li-Fi AP α and user μ; h is the height of the room; φ is the angle of irradiation; and θ is the angle of incidence. The channel model in (1) can be expressed as a function with z μ,α , and the data rate between Li-Fi AP α and user μ can be written as:
It can be seen that ρ α (z μ,α ) is a monotonic decreasing function with respect to z μ,α . Lemma 1: It is assumed that users are optimally allocated to APs by using the proposed LB scheme. For any Li-Fi AP α, it can be obtained that:
where U α is the set of users allocated to Li-Fi AP α.
Proof: Firstly, when user j is served by a different Li-Fi AP from AP α, this user should reside in the corresponding Li-Fi attocell. Since the Li-Fi attocells are not overlapped, the inequality z i,α ≤ z j,α is satisfied.
When user j is served by the Wi-Fi AP, the method of proof by contradiction is applied to prove this lemma. It is assumed that the optimal LB is achieved by using the proposed scheme, and the inequality below is achieved:
where user i is served by Li-Fi AP α and user j is served by the Wi-Fi AP. The objective function in (13) can be written as:
where M α and M 0 are the number of the users served by Li-Fi AP α and the Wi-Fi AP, respectively. Now, the APs allocated to user i and j are exchanged. The values of M α and M 0 stay the same, and the objective function can be re-written as:
Due to the monotonic decrease of ρ α (z μ,α ), it can be obtained that:
As a consequence, F 2 > F 1 is achieved. This means that the AP allocation for user i and j is not optimal, leading to a contradiction. The assumption in (30) must be false and the lemma is proved. Lemma 1 indicates that users served by Li-Fi AP α are closer to this AP than the users served by other APs. The service area of a Li-Fi AP in the non-CCI case is a circular region, and handover only occurs when users go through the boundary of the circular regions. In this study, the boundary is termed as the "' circle", and the centre of the handover circle is the location of a Li-Fi AP. Users that are outside all of the handover circles are served by the Wi-Fi AP.
The radius of the handover circles is analysed as follows. It is assumed that users are uniformly distributed in the entire scenario. The area of the scenario is denoted by Y ; the density of users is denoted by ε; the radius of the attocell covered by Li-Fi AP α is denoted by Z α ; the radius of the handover circle of LiFi AP α is denoted by ν α ; and the average handover efficiency is denoted asη, whereη = E[η ij ] and η ij is given in (7) . The number of users served by each AP can be written as:
because all of the Li-Fi attocells are inside the considered scenario. According to the proposed LB scheme, the radius of handover circles can be calculated by solving the optimisation problem in (13) , which can be written as:
The first order derivatives of G 1 (ν α ) and G 2 (ν α ) can be expressed as:
The derivative of the objective function in (36) can therefore be expressed as:
∂ ν α can be equal to 0 only when
where F −1 is the inverse function of F (ν α ), which is
where F (ν α ) > 0 with 0 < ν α ≤ Z α due to the conditions in (27) and (35). It can be seen that the function F (ν α ) is monotonic decreasing with respect to ν α . When 0 <ν α ≤ Z α is satisfied, it can be obtained that:
where ∂ F (ν α ) ∂ ν α < 0 due to monotonic decrease property. As a consequence,ν α is the optimum for the problem in (36). When ν α > Z α , since F (ν α ) is monotonically decreasing, the optimum ν α equals to Z α . The radius of handover circles can be expressed as:
The sum throughput achieved by AP α can be written as:
According to (27) and (44), the Li-Fi APs with the same transmit power and modulation bandwidth have the same radius of the handover circles and throughput. Since all of the users served by an AP share the equal time resource, the resource proportion can be expressed as:
, α = 0;
According to (44) and (47), it can be obtained that:
where the equality in (52) is achieved whenν α ≤ Z α . This inequality indicates that the users served by Li-Fi APs achieve data rates higher than or equal to those served by the Wi-Fi AP. In addition, since ρ α (ν α ) is monotonically decreasing, the Li-Fi throughput increases with a reduction of the radius of handover circles. According to (44), an increase of Wi-Fi throughput results in a decrease of ν * α , thus leading to an improvement of Li-Fi throughput. This means that the Wi-Fi throughput has a significant effect on the Li-Fi throughput in the hybrid network even though they work on different ranges of electromagnetic spectrum.
B. Optical CCI Case
In this case, the Li-Fi attocells overlap with each other, and the optical CCI is considered. When Li-Fi APs are positioned very closely, the achievable spectral efficiency in the Li-Fi systems would be significantly affected by the CCI. In order to avoid high level of CCI, the distance between Li-Fi APs is set to be greater than the radius of an attocell. In the case that the distance is less than or equal to the radius, the technology fractional frequency reuse [19] and spatial division multiple access [20] can be used to mitigate the strong interference, which is outside the scope of this study and is not discussed here.
According to Lemma 1, users served by Li-Fi APs must reside in the handover circles. Thus, when a handover circle does not overlap with other attocells, users allocated to the corresponding Li-Fi AP do not experience optical CCI, as shown in Fig. 2(a) . In this case, the condition (29) in Lemma 1 is satisfied in this Li-Fi attocell. However, when a handover circle overlaps with other Li-Fi attocells, shown in Fig. 2(b) , some of the users served by this Li-Fi AP would be affected by optical CCI.
In the case of optical CCI, the communication link data rate between Li-Fi AP α and user μ can be expressed as:
where SINR μ,α is given in (4). In general, when a user experiences interference from more than one Li-Fi AP, the achievable SINR performance would be less than 0 dB, as shown in [21] . In this case, the Li-Fi link data rate is much lower than that of WiFi. Accordingly, users in such multi-overlap areas are assumed to have no Li-Fi access, and this paper mainly focuses on the LB analysis for the overlap areas of two Li-Fi attocells. Lemma 2: For each Li-Fi AP α,
where U α is the set of users allocated to Li-Fi AP α. Proof: Initially, if j is allocated to the Wi-Fi AP, this lemma is proved by using the method shown in the proof of Lemma 1.
Then, the case that user j is served by another Li-Fi AP α is considered, and the method of proof by contradiction is applied to prove this lemma. It is assumed that:
where U α is the set of the users allocated to Li-Fi AP α . According to the assumption in (55), the expression SINR j,α < SINR i,α is achieved. Particularly, if user i or j is outside the overlap area and cannot served by one of the APs between α and α , the corresponding SINR is 0. The objective function in (13) can be written as:
where M α and M α represent the number of users served by Li-Fi AP α and α , respectively. Now, the allocated APs of user i and j are exchanged. The values of M α and M α stay the same. In this way, the objective function can be written as:
According to (55), it can be derived that F 4 > F 3 . This means that the allocation of APs for these two users in this assumption is not optimal, leading to a contradiction. Consequently, the assumption in the proof must be false so that this lemma is proved.
According to Lemma 2, all of the users served by a Li-Fi AP achieve higher SINR than that of other users. The distribution of SINR μ,α is closely related to the distance between the user and the serving AP, and between the user and the interfering AP. In general, a high SINR μ,α is achieved when a user is close to the serving AP and far away from the interference AP. The boundary of the service area of Li-Fi APs is shown in Fig. 2(b) . However, the specific shape of the Li-Fi service area in the optical CCI case is significantly affected by the layout of the Li-Fi APs. The analysis of the deployment optimisation of Li-Fi APs is outside the scope of this study. Hence the numerical estimation is used to analyse the service areas of Li-Fi APs and the Li-Fi system throughput, and this is given in Section V.
C. Limitation of the Wi-Fi model
In the practical scenario, the Wi-Fi throughput cannot be uniformly distributed in space due to small scale fading. In this hybrid network, due to the fluctuating CSI of moving users, the network LB procedure is undertaken in each state. If the coherence time of the channel in Wi-Fi is larger than the duration of the state, the system would be stable. Otherwise, the average CSI of users in each state can be used for LB in order to guarantee the stability of the system. Therefore, in each state, users would achieve different Wi-Fi throughputs R 0 in (8) based on their CSI, and the proposed LB scheme can still be effective in this practical scenario. In fact, the data rate performance in both Li-Fi and Wi-Fi stand-alone network fluctuates in space. By using the proposed scheme, each user is allocated to a better AP between the best Li-Fi AP and the Wi-Fi AP in terms of data rates, and thus the hybrid network can achieve the diversity gain of two-tier networks. When the Wi-Fi throughput is constant, users inside the handover circles are served by Li-Fi APs. This is because Li-Fi offers higher data rate for these users than Wi-Fi. When considering the spatial fluctuation of Wi-Fi throughput, the boundary of the handover circle would be irregularly fluctuating instead of strictly circular shape. Also, if some users inside the handover circles achieve better CSI with Wi-Fi than with Li-Fi, they would be allocated to the Wi-Fi AP. Therefore, the serving area of Li-Fi APs cannot be a connected region in the practical Li-Fi/Wi-Fi hybrid network. In this study, in order to reduce the analysis complexity of the system throughput, a constant Wi-Fi throughput in space is considered. In future research, the LB problem with a more practical Wi-Fi model will be studied.
V. PERFORMANCE EVALUATION
A. Simulation Setup
In the simulation, the hybrid network constituted by a Wi-Fi AP and four Li-Fi APs is considered. The radius of each Li-Fi attocell is 4 m, and all of the optical attocells reuse the same modulation bandwidth. According to the analysis in Section IV, two different Li-Fi AP deployments are considered in the simulation, the non-CCI case and the optical CCI case. In the non-CCI case, the size of the indoor scenario is 16 m × 16 m, shown in Fig. 3 (Case 1) . The distance between any two neighbouring Li-Fi APs is 8 m and there is no optical CCI. In optical CCI case, the size of the indoor scenario is 13.6 m × 13.6 m, shown in Fig. 3 (Case 2) . The distance between any two neighbouring Li-Fi APs is 5.6 m, and users in the overlapping areas experience optical CCI. The user density is set to be 0.2 person/m 2 in these two scenarios, which follows the normal user density in indoor office scenarios. Users are uniformly distributed and moving randomly in the considered scenario, and the random way point model is applied [22] . Specifically, each user selects a random destination in the scenario and moves towards the destination with a random speed between 0 and 1 m/s. After reaching the destination, a new destination is selected and the user keeps moving. The average handover efficiency is defined as η = E[η ij ], where η ij is according to (7) . The Wi-Fi throughput used in the simulation is based on Table I . The other parameters are summarised in Table II , which are based on the published research [2] , [21] , [23] .
B. Study of Li-Fi Service Areas
In order to study the Li-Fi service area, a static system is considered where all of the users are fixed. In the non-CCI case, according to the analysis in Section IV-A, users served by a Li-Fi AP must reside in the corresponding handover circle. As shown in Fig. 4 In Fig. 5 , the simulated and theoretical results of the radius of handover circle are shown. It can be seen that the simulation results match the theoretical results very well. When the Wi-Fi throughput increases, the radius of the handover region decreases because the Wi-Fi AP provides a larger capacity to serve more users. Since the users closer to Li-Fi APs can achieve higher data rates, the sum-throughput of Li-Fi increases when the Li-Fi serving area decreases.
In the optical CCI case, the service areas of the four Li-Fi APs and the Wi-Fi AP with optical CCI is shown in Figs. 6 and 7 , and the Wi-Fi throughputs are 120 Mb/s and 1 Gb/s, respectively. It can be seen that the service area of each Li-Fi AP is a connected region but does not have a circular shape. Similar to the non-CCI case, the serving areas of Li-Fi APs decrease with an increase of Wi-Fi throughput. Due to optical CCI, users in the overlap area of Li-Fi attocells are more likely to select the Wi-Fi AP when the Wi-Fi throughput increases. As shown in Fig. 7 , all of the users in the overlap area are served by Wi-Fi when Wi-Fi throughput reaches 1 Gb/s.
C. Study of User Data Rates
In Fig. 8 , the relationship between the Li-Fi throughput and the Wi-Fi throughput is shown. In the non-CCI case, the theoretical Li-Fi throughput corresponding to the Wi-Fi throughput is evaluated, which matches the simulation results very well. In the optical CCI case, the performance of Li-Fi throughput is lower than that of the non-CCI case. The difference decreases with an increase of Wi-Fi throughput. This is because in the optical CCI case the overlap area between the serving region of each Li-Fi AP and the attocells of other interfering Li-Fi APs becomes smaller when the Wi-Fi throughput increases. Thus, the optical CCI case tends to the non-CCI case if Wi-Fi throughput is large enough. The data rate performance of each user is evaluated and shown in Fig. 9 . According to the analysis in Section III-B, all of the users served by a specific AP share an equal time resource. Thus users served by the Wi-Fi AP achieve an equal data rate due to the spatially uniform distribution of Wi-Fi throughput. The data rate ratio R Li-Fi /R Wi-Fi is used to evaluate the data rate performance of users, where R Li-Fi represents the data rate of users served by Li-Fi APs, and R Wi-Fi is the data rate of users served by the WiFi AP. It is shown that the ratio in both non-CCI and optical CCI case is larger than 1. This indicates that users served by Li-Fi APs always achieve higher data rates than those served by the Wi-Fi AP, which means that the Li-Fi APs can offer a very good QoS in the hybrid network. The range of the ratio decreases with an increase of Wi-Fi throughput in both the non-CCI and the optical CCI case. Also, the non-CCI case outperforms the optical CCI case with different Wi-Fi throughputs because of the effect of interference.
D. Study of Handover Locations
In this section, the handover location of moving users in the hybrid network is studied. In the non-CCI case, the handover occurs only between a Li-Fi AP and the Wi-Fi AP. The distance between the handover location and the Li-Fi AP is used to represent the handover location information. In the optical CCI case, as well as the handover between Li-Fi and Wi-Fi, handover also occurs between two Li-Fi APs. In this situation, the distance between the handover location and the previous serving Li-Fi AP is used for evaluation.
The cumulative distribution function (CDF) of the distance which represents the handover location information in the non-CCI case is given in Fig. 10 . An interesting result is that when η < 1, the values of the distance are mainly in two different ranges. This is because the handover overhead results in a handover location offset from the handover circles. For example, if there is no handover overhead, the handover from Li-Fi to WiFi occurs immediately when users move outside the handover circles. However, with η < 1, the Wi-Fi data rate is not high enough to prompt a handover due to the loss caused by potential handover. Hence, the handover does not occur on the boundary of handover circles. When users move further away from the Li-Fi AP, the decrease of Li-Fi data rates finally results in handover. Due to the handover overhead, the distance of handover from a Li-Fi AP to the Wi-Fi AP is larger than the radius of handover circle. Similarly, when the handover is from the Wi-Fi AP to a Li-Fi AP, the distance is less than the radius of handover circles. In addition, a smaller handover efficiency leads to a larger offset. The simulation results also indicate that when the Wi-Fi throughput increases, the handover location becomes closer to the Li-Fi AP. This is because the radius of handover circle decreases.
In the optical CCI case, a handover can occur in both nonoverlap areas and overlap areas between Li-Fi attocells. As shown in Fig. 11 , the values of the distance are still mainly in two different ranges with η < 1, but around 70% of these values lie in the lower range. This is because the Li-Fi serving regions in the optical CCI case are in an irregular shape, and the Li-Fi AP is closer to the boundary of service regions in the overlap area than that in the non-overlap area. Also, similar to the non-CCI case, the distance between handover locations and Li-Fi APs decreases with an increase of the Wi-Fi throughput.
E. Proposed Scheme versus other LB Schemes
In this section, the system throughput of a hybrid Li-Fi/Wi-Fi network is studied. In order to fairly compare the non-CCI case and the optical CCI case, the spatial throughput (throughput per area) is used for evaluation, and is defined as:
Spatial Throughput = System Throughput Area of Indoor Scenario .
The spatial throughput reflects the performance of user data rate with a given user density, which can be expressed as:
Average user data rate = Spatial Throughput User density .
The spatial throughputs in both the non-CCI and the optical CCI cases are evaluated and shown in Fig. 12 . In the legend, the proposed dynamic LB scheme is termed as "DS", and two other load balancing schemes are considered, termed as "TS" and "RS," respectively. In "TS", a threshold is used to determine whether a user is allocated to the best Li-Fi AP or the Wi-Fi AP [23] . In "RS", users randomly select the AP between the best Li-Fi AP and the Wi-Fi AP. In both schemes, users served by the same AP share an equal proportion of time resource, and the handover overhead is considered. As shown in Fig. 12 , the spatial throughput in the optical CCI case is higher than that of the non-CCI case. This indicates that with the same user density, each user in the optical CCI case can achieve higher data rate despite the interference, resulting from the highly reuse of the communication bandwidth. The spatial throughput decreases with the handover efficiency due to the effect of overhead. The proposed LB scheme always outperforms "TS" and "RS" with any value of η. The difference is more than 1 Mb/s/m 2 . This is because the AP assignment and time resource allocation in "DS" are jointly designed, which are formulated as an optimisation problem shown in (10), while they are separately designed in "TS" and "RS", which are undertaken in sequence [23] .
In addition to the indoor Li-Fi/Wi-Fi scenario, the proposed dynamic LB scheme can also be used in hybrid RF small cell networks which combine femto-cells and pico-cells [24] . The pico-cells have a very small coverage which is close to Li-Fi attocells (e.g., 60 GHz mm Wave). Therefore, handover occurs frequently in these scenarios, and the proposed scheme can offer an efficient and stable LB for the femto/pico hybrid networks.
VI. CONCLUSION
In this study, a dynamic LB scheme in a Li-Fi/Wi-Fi hybrid network is proposed, where the handover overhead is considered. By analysing the service areas of the Li-Fi APs, the throughput performance of the hybrid system is theoretically studied. Also, the effects of the handover overhead on handover locations and user throughput are simulated and discussed. Three conclusions are made based on the analytical and simulation results: i) the service coverage of Li-Fi APs are connected regions, which are generally smaller than the entire Li-Fi attocells. Specifically, these areas are circular in the non-CCI case, but non-circular in the optical CCI case; ii) the Wi-Fi and Li-Fi throughputs in the hybrid network are related despite the independent spectrum transmission. The Li-Fi throughput can be improved by increasing the Wi-Fi throughput. In addition, the achievable data rates of the users served by Li-Fi APs are higher than or equal to that of users allocated to the Wi-Fi AP; iii) a handover occurs only when users move across the boundaries of the Li-Fi service areas. The handover overhead can lead to a handover location offset due to the transmission loss considered in the proposed load balancing scheme.
